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Non-Linear Regression technique for generating EACs in labor hoursNon Linear Regression technique for generating EACs in labor hours.

1. Four phases to the modeling process

2 Model actual EVM data (ACWP) with Weibull function2. Model actual EVM data (ACWP) with Weibull function

◦ Why Weibull and not Rayleigh?

3. Use historical data to impose constraints on forecast3. Use historical data to impose constraints on forecast

◦ “...Predicting the future by looking at past trends”

4. Methods for dealing with “lack-of-data” issues4. Methods for dealing with lack of data  issues

5. Allows for schedule sensitivity analysis
◦ “If the schedule slips by 10 months, how will this impact my EAC?”p y p y
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For ship construction programs weFor ship construction programs, we 
recognize four phases:

1. Fabrication,
2. Integration, Assembly, Test, &

Duration vs. ACWP

2. Integration, Assembly, Test, & 
Check-Out (IAT&C),

3. Post Delivery Test and Trials and 
Shakedown (PDTT&S), and

AC
W
P

75% 20% 1% 4%

4. Post Shakedown Availability (PSA).
In our model, we estimate the hours 
for each phase; the sum of the 
estimated labor hours EAC

Duration

Fabrication PDTT&S PSAIAT&C

Duration vs. Burn Rate

estimated labor hours = EAC.

Before I move onto the modeling 
technique two items need to be Bu

rn
 R
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e

75% 20% 4%1%technique, two items need to be 
explained:

1. Burn Rate and ACWP
2. Weibull function Duration

Fabrication PDTT&SIAT&C PSA

5% 0% %%
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Burn Rate (BR), labor hours per month, is the first 
difference of ACWP

BR(t) = ACWP(t) – ACWP(t-1)

ACWP, labor hours, is the cumulative of Burn Rate
ACWP(t+1) = ACWP(t) + BR(t+1)

Actuals for BR can be “fit” to a functional form via regression.
The resulting model can be used to forecast future periods.

5

ACWP(t+1)  ACWP(t) + BR(t+1) 
Accumulated BR forecasts through completion, added to ACWP , yield an EAC
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1 Accumulated expenditures over time (ACWP) typically follow1. Accumulated expenditures over time (ACWP) typically follow 
an “S-curve” for most programs
◦ Therefore phased expenditures (burn rates) typically follow a “hump 

shaped” profile, possibly skewed
2. A number of probability distributions have these same 

general properties
◦ So probability distributions provide useful functional forms for 

th ti ll d li h d ditmathematically modeling phased expenditures
3. The Rayleigh distribution has been applied to phased 

expenditure modeling for many years
◦ Rayleigh distribution has fixed skew (relative position of mode)◦ Rayleigh distribution has fixed skew (relative position of mode)

4. The Weibull distribution is a more flexible generalization of 
the Rayleigh that has come into use more recently
◦ Weibull distribution has variable skew◦ Weibull distribution has variable skew
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RAYLEIGH WEIBULL 
1. One Unknown Parameter Distribution 

◦ Scale Parameter
◦ Shape Parameter = 2

1. Two Unknown Parameter Distribution
◦ Scale Parameter 
◦ Shape Parameter 

2. Has no inflection point prior to mode
◦ Slow ramp ups are modeled poorly
◦ For all distributions, the red line (straight line 

from 0 to mode) does not intersect the black line

2. Can have inflection point prior to mode
◦ Slow ramp up of burn rates are modeled wellfrom 0 to mode) does not intersect the black line 

on the open interval (0, mode)

3. The area underneath of the curve   
from 0 to the mode is always 0.393

◦ There exist distributions such that the red line (straight 
line from 0 to mode) does intersect the black line on the 
open interval  (0, mode)

3. The area underneath of the curve from 0 
to the mode can vary
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Our four phases of ship construction are:Our four phases of ship construction are:
1. Fabrication,
2. Integration, Assembly, Test, & Check-Out (IAT&C),
3. Post Delivery Test and Trials and Shakedown (PDTT&S), and
4. Post Shakedown Availability (PSA).

In the next several slides, each phase is discussed.
We also have identified “lack-of-data” as a significant issue; a 

subsequent section discusses this problem

Duration vs. ACWP Duration vs. Burn Rate

subsequent section discusses this problem.
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Fabrication PDTT&S PSAIAT&C

Bu
rn

Fabrication PDTT&SIAT&C PSA

75% 20% 1% 4% 75% 20% 1% 4%

Duration Duration
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Duration vs. Burn Rate

General Properties:
Duration

Fabrication PDTT&SIAT&C PSA

• Consists of hours from Start of Construction to the Start of Integration, Assembly, Test & Checkout
• Accounts for ~75% of total hours expended during ship construction

General Properties:

Duration vs Burn RateDuration vs. Burn Rate
Startof IAT&C

Bu
rn
 R
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e

Duration

• Estimated by fitting a Weibull probability density function to burn rate data
• The estimated ACWP expended during Fabrication is the ACWP to date + the area of the yellow 

region

Estimation Process:
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Duration vs. Burn Rate

Issue Statement:

Weibull Regression: Fabrication

Duration

Fabrication PDTT&SIAT&C PSA

• When insufficient data exist to define the mode, Weibull-based estimates can be unstable
• Weibull PDF stabilizes once the Mode location is established

Issue Statement:
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Weibull Regression: Fabrication

Weibull Regression: Fabrication
4 data points

5 data points
6 data points
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Weibull-based 
regression

Duration

Weibull Regression: Fabrication Weibull Regression: Fabrication
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7 data points 8 data points

Duration Duration
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Duration vs. Burn Rate

Solution:
Duration

Fabrication PDTT&SIAT&C PSA

• We observe that for all members of the class, the peaks of the Weibull PDFs exhibit similar behavior
 The modes of all “own-class” Weibull PDFs occur within a tight band (black circle) 

• We can use this information to establish constraints for the Mode and Peak Burn Rate.

Solution:

Burn Rate Weibull Regressions

Constrained Weibull Equation: 

Bu
rn
 R
at
e

Modes of Weibull Regressions
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Duration vs. Burn Rate

An Example:
Duration

Fabrication PDTT&SIAT&C PSA

1. In the chart below, we have only five Burn Rate data points
2. Assume I have “own-class” data where characteristics of the Mode are known, i.e., the values of the 

mean and standard deviation for the peak Burn Rate and Duration to the Mode
3 The black diamond represents the mean value location of the Mode based on “own class” data

An Example:

3. The black diamond represents the mean value-location of the Mode based on own class  data 
4. Now, a Weibull-based regression is performed using the actual data and our predicted location of 

the Mode
5. Our estimate for the Fabrication phase ACWP is the ACWP at the fifth data point plus our forecast 

for the remainder of the phase, i.e., the green region

at
e

Weibull Regression: Fabrication

Duration vs. Burn RateDuration vs. Burn Rate
Duration vs. Burn Rate

5 data points w/ constraint, i.e., 
mean location of the Mode

5 data points 
w/o constraint
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Duration vs. Burn Rate

General Properties:
Duration

Fabrication PDTT&SIAT&C PSA

• Consists of hours from the Start of Integration, Assembly, Test & Checkout to the start of Post 
Delivery Test and Trials and Shakedown

• Accounts for ~20% of total hours expended during ship construction

General Properties:

Duration vs. ACWP During IAT&C

End of IAT&C

Duration vs. Burn Rate During IAT&C

End of IAT&C

AC
W
P
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Duration Duration 

• A Weibull cumulative distribution function is fit to the ACWP data
• The estimated ACWP expended during IAT&C is the height of the ACWP forecast at the End of IAT&C

Estimation Process:
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Duration vs. Burn Rate

Issue Statement:
Duration

Fabrication PDTT&SIAT&C PSA

• When no data or insufficient data exist to define the mode, Weibull-based estimates can be unstable
• Weibull PDF stabilizes once the Mode location is established

Issue Statement:

Solution:
• One solution is to use an approach similar to that for the Fabrication phase, i.e., the constrained Weibull
• Another solution is possible if we assume that for all members of the class there is a strong, slightly non-

linear correlation between the duration of the IAT&C phase and the ACWP expended during the IAT&C phase
• We can use this observed, statistically sound, “own-class” information to estimate ACWP for the IAT&C phase:

Solution:

, y , p
ACWP for IAT&C = 105.11* (Duration of IAT&C)^1.1518

y = 105.11x1.1518
R² 0 9878

Duration vs. ACWP

H ll 2R² = 0.9878

AC
W
P

Hull 1

Hull 2

Hull 4
Significant 
t-Statistics

Duration 

Hull 3
Hull 5

C ffi i t A i t A i t L 95% A i t U 95%
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Variable/Term
Coefficient 
Estimate

Approximate 
Std Error

Approximate Lower 95% 
Confidence

Approximate Upper 95% 
Confidence T-Statistic P-Value

a 105.1145 20.0376 41.3147 168.9142 5.2459 0.0135
b 1.1518 0.0740 0.9162 1.3874 15.5649 0.0006
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Duration vs. Burn Rate

General Properties:
Duration

Fabrication PDTT&SIAT&C PSA

• Consists of hours from start of Post Delivery Test and Trials and Shakedown to the start of Post 
Shakedown Availability

• Accounts for ~1% of total hours expended during ship construction

General Properties:

Duration vs. Burn Rate During PDTT&S

Start of PSA

Duration vs. Burn Rate During PDTT&S

Start of PSA

Duration vs. Burn Rate During PDTT&S

Start of PSA
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DurationDuration

Duration

• A straight line is fit to the average burn rate data
• The estimated ACWP expended during PDTT&S is the ACWP to date + the area of the yellow 

rectangle

Estimation Process:
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Duration vs. Burn Rate

General Properties:
Duration

Fabrication PDTT&SIAT&C PSA

• Consists of hours from start of Post Shakedown Availability to the end of construction
• Accounts for ~4% of total hours expended during ship construction

General Properties:

Duration vs BurnRate During PSA
Duration vs. Burn Rate During PSADuration vs. Burn Rate During PSA

Duration vs. Burn Rate During PSA
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DurationDuration

Duration

• Estimated by fitting Weibull curve to burn rate data
• The estimated ACWP expended during PSA is the ACWP to date + the area of the yellow region

Estimation Process:
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Duration vs. Burn Rate

PDTT&S Issue Statement:

Bu
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Fabrication PDTT&SIAT&C PSA

• No data or insufficient data exist for this phase
• Note: ACWP ~ 1% of total

PDTT&S Issue Statement:

Solution: Duration

• Calculate the “own-class” average Burn Rate for the PDTT&S phase and estimate ACWP using:

ACWP for PDTT&S = (Average Burn Rate for PDTT&S) * (Duration of PDTT&S)

Solution:

Bu
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 R
at
e

Duration vs. Burn Rate

• When no data or insufficient data exist to 
define the mode, Weibull-based estimates 
can be unstable

PSA Issue Statement:

B

Duration

Fabrication PDTT&SIAT&C PSA

can be unstable
• Weibull PDF stabilizes once the Mode 

location is established
• Note: ACWP ~ 4% of total

S l ti
• One solution is to use an approach similar to that for the Fabrication phase, i.e., the constrained Weibull
• Another solution is to use an approach similar to that for the IAT&C phase, i.e., “own-class” statistical 

relationships
A hi d l i i l l h “ l ” B R f h PSA h d i ACWP

Solution:
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• A third solution is to calculate the “own-class” average Burn Rate for the PSA phase and estimate ACWP 
using:

ACWP for PSA = (Average Burn Rate for PSA) * (Duration of PSA)



• Normally, we assume schedules and durations for all phases are defined by an Integrated Master 
Schedule

• However, the Weibull-based EAC model allows us to perform schedule sensitivity analysis
• For example, let’s say the schedule slips
• Since the predicted location of the mode is relative to the end date, a schedule slip would in turn 

delay the occurrence of the Modedelay the occurrence of the Mode
• So, a new regression is run using actual given data, the new predicted Mode, and the new end date
• The green curve is the revised projected burn rate curve due to the schedule slip.

D ti B R t S h d l SliDuration vs. Burn Rate Schedule Slip

Predicted Modes 
before and after slip

Bu
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B
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1 Add prediction intervals to our EACs and understand the effects of1. Add prediction intervals to our EACs and understand the effects of 
our constraint assumptions

2. Consider additional constraints

3. Study the phase-to-phase relationships of earned value data
 For instance, how is the IAT&C phase related to the Fabrication phase?

4. Study the impact of schedule compression or slippage on the peak 
burn rate

F i t h th h d l i h d t h t i t i ffi i For instance, when the schedule is changed, at what point is efficiency 
beneficially or adversely affected?  By how much?

5. Break each phase down into smaller sub-phases (i.e. WBS5. Break each phase down into smaller sub phases (i.e. WBS  
elements) 
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Non-Linear Regression technique for generating EACs in labor hours.

1. Four phases to the modeling process

◦ Each phase exhibits its own unique burn rate trend behavior.

2 M d l t l EVM d t (ACWP) ith W ib ll f ti2. Model actual EVM data (ACWP) with Weibull function

◦ The Weibull function can accurately model burn rates with a slow ramp-up, whereas the 

Rayleigh function can not.  

3. Use historical data to impose constraints on forecast

◦ The mode and peak burn rate across ships within the same class occur in similar locations 

with respect to time.

4. Methods for dealing with “lack-of-data” issues

◦ Constraints to Weibull parameters

A B R t f diff t i◦ Average Burn Rate for different regions

◦ Correlation between duration and hours expended within a phase

5. Allows for schedule sensitivity analysis

◦ If the schedule changes by x months, the PDF is extended or compressed x months.
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1 “Th R l i h A l V l 1 Th d A li ti ”1. “The Rayleigh Analyzer. Volume 1: Theory and Applications”, 

Logistics Management Institute, John Dukovich; Scott Houser; 

David A. Lee, October 1999 ,

2. "Forecasting Research & Development Program Budgets Using The 

Weibull Model," Thesis, Air Force Institute of Technology, Thomas 

W. Brown, Captain, USAF, March 2002

3. Tecolote Research, Inc. (2007). ACEIT 7.1. Tecolote Research, Inc., 

S B b CASanta Barbara, CA. 

Special thanks to my colleague Bob Jones for his advice guidanceSpecial thanks to my colleague Bob Jones for his advice, guidance

and encouragement during my first year as a Cost Analyst.
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Th i ( d ) d i i f ll i diff i bl i h i d i i iThe maximum (mode) and minimum of all continuous, differentiable equations occurs when its derivative is
equal to 0 (i.e. its slope is 0).  To derive the Mode of the Weibull PDF, we take the derivative of the Weibull
PDF, set it equal to 0 and solve for x.  

The peak burn rate is simply the Weibull PDF evaluated at x = Mode
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Therefore, from the previous slide:

Since b is a function of Mode and a, and c is a function of Peak Burn Rate and a, the
Weibull PDF can be modified to reflect the new Constrained Weibull PDF.

Since Peak Burn Rate and Mode are constraints defined based on past ship performance,
only one unknown parameter exists (shape parameter a).  Therefore, we can regress our
data points via OLS to obtain the parameter value for shape parameter a.
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